VARIABLE-FREQUENCY NETWORK

PERFORMANCE

LEARNING GOALS

Variable-Frequency Response Analysis
Network performance as function of frequency.
Transfer function

Sinusoidal Frequency Analysis
Bode plots to display frequency response data

Resonant Circuits
The resonance phenomenon and its characterization

Scaling
Impedance and frequency scaling

Filter Networks

Networks with frequency selective characteristics:
low-pass, high-pass, band-pass
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VARIABLE FREQUENCY-RESPONSE ANALYSIS

In AC steady state analysis the frequency is assumed constant (e.g., 60Hz).

Here we consider the frequency as a variable and examine how the performance
varies with the frequency.

Variation in impedance of basic components
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Frequency dependent behavior of series RLC network

1 _(jw)’LC+jaRC+1 -] _ aRC + j(a’LC -1)

R L Zog=R+jal +- : :
o—W——""™ = J jaC jaC —J aC
Leq— C "Simplific&ionin notation" ja=s
2
s°LC +sRC+1
o Z., (9=
eq(S) .
L[ wfLC -1
_J(@RC)* + (1-&PLC)? (Zq=tan™| ==
| Zeq |_ aRC
aC
A igﬂa‘
N $
s Sl
= £
—90°
0, i > 0 >
JLC Frequency Frequency

(b) (c)
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Simplified notation for basic components

Zr(8)=R, Z, (s)=sL, Zo =—
S

For all cases seen, and all cases to be studied, the impedance is of the form

Z(s) =

m m-1
a,s +a, ;S ~+..tasS+a,

b,s"+b, st +...+bs+h,

Moreover, if the circuit elements (L,R,C, dependent sources) are real then the

expression for any voltage or current will also be a rational function in s

LEARNING EXAMPLE

L =01H

C 1 s3mrSL *

Vg = 10/0°V J_r)E R=I1:2593V0

" V,(s) =

V
R+sL+1/sC
S= jw

— V
LC+sRC+1 °

— V
° (jw)’LC +jaRC+1 °
jaw (5% 253%x10°%)

Vo= SN ——10
(Jw)* (01x 253%10 ) + jaw(@5% 253x10 ) +1

MATLAB can be effectively used to compute frequency response characteristics

<

>
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USING MATLAB TO COMPUTE MAGNITUDE AND PHASE INFORMATION

>>num =[a,,, 8y, 8);
>>den=[b,,b,_,....0,5];

>> freqgs(num,den)

EXAMPLE

m m-1
a,S +a,,S ~t+..taSt+a,

Vo(s) =

b,s"+b, s+, +bs+hy,

MATLAB commands required to display magnitude
and phase as function of frequency

NOTE: Instead of comma (,) one can use space to

separate numbers in the array

A
/
jaw(5% 253%x107%)

Vo=— 2 =3\ 4 -3
(Jw)* (01% 253%10°°) + jw(@5% 253x10 ) +1

b

b,

————— ]

=4
» hum=[15*%2.53*1e-3,0];
» den=[0.1%2.53*1e-3,15%2.53*1e-3,1];

» fregs(num,den)

» hum=[15%2.53*1e-3 0];
» den=[0.1%*2.53*1e-3 15*2.53*1e-3 1]; to insert blanks elsewhere

» fregs(num,den)

<

>

Missing coefficients must
be entered as zeros

This sequence will also
work. Must be careful not
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Log-log
plot

GRAPHIC OUTPUT PRODUCED BY MATLAB
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LEARNING EXAMPLE | A possible stereo amplifier

¥ 3
Desired frequency characteristic
1.0 (flat between 50Hz and 15KHz)
0.8
% 0.6
*
= 04 l
O
(.2
0 ho l » Log frequency scale
1 10 100 1k 10k 100 k 1M g qu y
Frequency (Hz)
G R,
o—f Nr—
Postulated amplifier
o) Ra3em® TCo )
10000, (1)
(_‘_) o_ < & O

R,=1MQ Cj,=318nF R,=1000 C, =79.58nF

<4 e >




Frequency Analysis of Amplifier oS

+

+

= Co V(1)

VO(S) = Vin (S) Vo(s)

Vs(S) Vs(9)Vin(9)

Voltage Gain

R, vs(2) Riy 2 0 (1) =

V. (S)= S S e 10000, (1)

in ( ) R +1/ SQn S( ) . ) L

R,=1M0  C;,=318nF R,=1000Q C, = 79.58nF
| 1/8Cy;5 R,

+ + + G(S) —
Vs(s)  Rin 3 Vin(s) T Ve(s) 1/sC

) . 1000V, (s) | 145G, ) VO(S) = [100Q/in]

o ! /sC, + R,

Frequency domain equivalent circuit

in Rin 1 |o|__S
G(S) |:1+ Cln Rln :|[100q|:1+ SC0R0:| |:S +10(7 :|[100q|: S+

(CoR, ) =(318x109x10°)* =100 (50Hz)
(C,R,)™=(7958x10"° x100] * = 40,0007(20kHz)

1007 <<| s|<< 40,0007 = G(8s) = >[100(
S 40,0007

Gain (%100

Frequency dependent behavior is
caused by reactive elements

40,00Cn =

40,0007

4C,00Cn

required

1 10

100

I k 10k 100 k
Frequency (Hz)




NETWORK FUNCTIONS Some nomenclature

When voltages and currents are defined at different terminal pairs we
define the ratios as Transfer Functions

INPUT  OUTPUT TRANSFER FUNCTION SYMBOL

Voltage | Voltage Voltage Gain Gv(s)
Current = Voltage Transimpedance Z(s)
Current = Current Current Gain Gi(S)
Voltage | Current Transadmittance Y(s)

If voltage and current are defined at the same terminals we define
Driving Point Impedance/Admittance

EXAMPLE

1
R _ i sC
I\

O VWA
Vi) () @ sL @ Va(s) SR,

_ To compute the transfer functions one must solve

¢ < the circuit. Any valid technique is acceptable
|2(s){ Transadmittance

V,(s) | Transfer admittance

+ 0O

Yr(8) =

G, (9) :\\iz—(s) Voltage gain

- 4> gy




S) = V.
| OC( ) L+ R1 1( )
v The textbook uses mesh analysis. We will
Vs (s) §R2 use Thevenin’s theorem
- sL
e m(9= RISl = o+

sC sL+R;

s |_c:R1 +SL+R,
Transfer admittance Zry (S) = SC(sL+ R)

Yr(s) =7

|,(s) [ Transadmittance
V;(s)

G,(s) = #(S)) Voltage gain

1

= Voc® sL+ R L SC(sL+Ry)
TR +Zy(9) S’LCR +sL+R, sC(sL+R)
Z1, () o R+ sC(sL+R,)
LE = we- SLC
|z(SR V(s | SRFRICHSL+RRO)*R
Voc(9)7 _ 6(9=Ys Relo®) _py (o

Vi(s)  Va(s)

<> GEATY >




POLES AND ZEROS | (More nomenclature)

-1 : :
a,S ta,4S ~+..tasS+a, Arbitrary network function
b,s"+b, st +...+bs+hy,

H(s) =

Using the roots, every (monic) polynomial can be expressed as a
product of first order terms

H (S) — K (S_ 21)(5_ 22)"'<S_ Zm)
°(s— p)(S— Py).--(S— Py)

2,2,,...,Z, =zeros of the network function
P, P2,---, P, =poles of the network function

The network function is uniquely determined by its poles and zeros
and its value at some other value of s (to compute the gain)

EXAMPLE (s+1) c+1
- —_ H(S):KO . c — 0 2
Zeros: z = -1, (s+2-j2)(s+2+ j2) S“+4s+8

oles: p,=—2+j2,p,=-2-j2
POIES: L= me IS P =227 e o) = Koo =1 H(9) =8,
H (0) =1 8 s> +4s+8

4> gy




LEARNING EXTENSION

Find the driving point impedance at V(S)

i G; R,
+ 'y o +
O I 1/SCin RO 'Y vg(2) Rin ‘é Vin(?) T Co v,(2)
X I\ , 5 & ) i 100005, (7) i
1 (s) 5 -
VS(S) Rin %Vin(s) <f> T VO(S) Ry,=1mQ C;,=318nF R,=1000Q C, = 79.58nF
1000V, (s) | 1/5C,
6 & _ O o o
V<(S
7 (S) — S( )
1 (s)

KVL:V<(s)=R. 1 (9) +£| (s)

Z(s) =Ry, +§:

n

1 {]—_I_lOOﬂ}MQ

n S

Replace numerical values
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LEARNING EXTENSION

Find the pole and zero locations and the value of K,

: V(s
for the voltage gain G(s) = Vo(S)
Vs(s)
G R,
i, —
5 I ”SCin JIS{)/‘
i ! vg(t R;, S v;,(2 =C t
s = R s(®) in in(?) 10000, (1) 0 V,(1)
V() Rin 3 Vin(s) = Vo) o N ! E
1000Vip(s) | 15Co Ry, =1MQ Cj, =318nF R, =100Q C, =79.58 nF
O o ®

H (s) = K (s=27)(s-2)...(s-2,) Zeros = roots of numerator

®(s=p)(s—p,)..(s— p,) Poles = roots of denominator

For this case the gain was shown to be

— SQn Rin 1 = > e
=97 L+ SCn R }[mq{ﬁ} [s+100n}[100q{ s+ 40,00(”}

zero: z =0 Variable
poles: p, = -50Hz, p, = —20,000Hz Frequency

. Response
Ko =(4%x10")r

ar




SINUSOIDAL FREQUENCY ANALYSIS

Aoej (wt+6)
B, cost + 6)

|

[ S—

H(g)

[ S—

By | H (jw)|codwt +8+0H (jw))

]

L { AH (] w)ei(wH@)

Circuit represented by
network function

To study the behavior of a network as a function of the frequency we analyze
the network function H (jw) as a function of w.

Notation

M(a)=[H(ja)]

Pw) =UH (jw)

H(jw) =M (w)e'*?

Plots of M («),¢(«), as function of « are generally called
magnitude and phase characteristics.

BODE PLOTS{ZOlOglO(M ED elemte
P w)
> GEAUX >




HISTORY OF THE DECIBEL

Originated as a measure of relative (radio) power

P, lys (over, =10l0g 2

R
2 2 3
P=12R="" = P, |5 (overp) =10'09V—2 =10'°9|_22
R \%) ]

V |ie=20logy, |V |
By extension | | ;=20log,.|! |
Glyg=20l0g,4 |G|

Using log scales the frequency characteristics of network functions
have simple asymptotic behavior.
The asymptotes can be used as reasonable and efficient approximations

4> gy




General form of a network function showing basic terms

Poles/zeros at the origin

Frequency independent J

g = KA T+ 26, o) + (o) T,
(jw)=

JiL+ 26, (jry) + (jwry) "
log(AB) =logA+logB First order terms Quadrz:tlc terms for

complex conjugate poles/zeros
Iog(%) =logN -logD

|H(ja)lyg=20log,o |H (ja)| =20log;q Kg = N20l0gyq | ja |
+20log, [1+ jar, [+20l0g, |1+ 2¢;(jrs) + (ja)r3)2 | +...

—20log, |1+ jar, | -20log,, |1+ 2¢, (jar,) + (jwr,)* | —..

Oz,z, =0z + 0z °
; i i o e =0 e Display each basic term
02 =0z -0z B 1 2G300 5 + separately and add the
2, 1 1-(ars)? results to obtain final
answer
] 260y,

—tan™wr, —tan 5
1-(ary)

Let’s examine each basic term

4> gy




Constant Term Magnitude characteristic
20 log,,K, K

2 Phase "ﬂﬂ
E x characteristic 0 =
=3 2
= | _ _ |
= % 0.1 1.0 10 100
o (rad /s:log scale) the x - axis is |0910a
(a)

‘)his is a straight line
£N |(ja)™™ |yg=+N x20log, o(cw)

Poles/Zeros at the origin .
(Ja)) - . iN o
O(ja)™" =£N9C

Magnitude characteristic o
with slope of 20N dB/decade 3 LN(90°
! 'lL'IJ L= — X ¥ ¥ ¥ . ,l(u]
= S '\_P#asc eristi =
v - 0 characteristic 5
= o Eo 072 : . =
= I = ot Magnitude characteristic =
¥ = _D]J‘EE.E. with slope of 2
g2 characteristic e +20N dB /decade =
[} 'E | I.{J
L. w (rad/s:log scale)
o (rad /s:log scale) (c)

(b)
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Simple pole or zero 1+ jar {

wr <<l= |1+ jar |;z=0 low frequency asymptote
wr >>1—= |1+ jar |4g= 20log,,wr high frequency asymptote (20dB/dec)

The two asymptotes meet when wr =1(corner/break frequency)

Behavior in the neighborhood of the corner

|1+ jar |y = 20l0gy o1+ (ar)*

O@+ jor)=tan™*ar

O+ jor) =0°

0L+ joor) =90°

—

- 45°

distance to
FrequencyAsymptote Curve asymptote Argument
corner wr =1| o0dB 3dB 3 45
octave above | Wl = 2 6dB 7db 1 63.4
octave below |wl = 0.5 0dB 1dB 1 26.6
+18 ;
. dB = 20 log, (1 + jwT)l I
% 412 dr = tan LT E
= " 60
= | Asymptote for phase |
= 6 - . .
+45°decade [ - —= +20 dB/decade | Y
0 _ e
T High freq. asymptote
- Low freq. Asym. g 9-asymp
| 1 |
0.1 0.2 0.5 1.0 2.0 4.0

wT (rad/s){Log scale)

10

Phase shift (deg)
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+18
. dB = 20 log, /{1 + jwT)! Ty
= ¢ = tan lwr N
= 12
=
=
=
=n — 457
= +6—
0 - n
- ' 0 —
o 1
1
[ [ | [ [
0.1 0.2 0.5 1.0 2.0 4.0 10
wT (rad/s)({Log scale)
1 2 3 4 56 78391 2 3 4 56 78910
I | I | | | | I I
dB = 20 log (1 + jwT)
g O d \EM_ - & =tan lwT U
E ~— | ‘j‘,ﬂ—zﬂ dB;’decadEED_
= —45%decade [~ = ~
= —6 ~
= Ty N T —5°
=
18 — —90°

0.5 1.0

2.0

w7 (rad/s)({Log scale)

(a)

<

D>

Phase shift (deg)

Phase shift (deg)

Simple zero

Simple pole
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Quadratic pole or zero t, =[1+2¢(jawr) + (] wr)?]=[1+2¢(jor) - (wr)?]

> . .1 2¢ar

|t lug= 20|0910\/(1_ (C"T)Z) +(2¢ar) -l =tan 1-(ar)?

wr <<1|t, |;z=0 low frequency asymptote Ot, =0°

wr>>1 |t, |;z= 20log,,(wr)?® high freq. asymptote |40dB/dec Ot, =~18C°

awr =1 |t,|45=20l0g,0(2¢) Corner/break frequency Ot, =90°
wr =+/1-2¢2 |t, |4g = 20l09,, 2¢\/1-¢? Resonance frequency Ot. = tar™ -2¢? C<£

. <
C 2
These graphs are inverted for a zero
1 2 3 4567891 2 3 45 I 2 3 4 567891 2 3 4 5678910
S | | RN L1 L 1Ll I]]
20 fE=0 20log, |[1 + 2 0— (=0 0.2

_ {=10.1 R > 0.4 b =—tan 2UwT
2 10 g w0 03 e
P = Nl 1.0
g 9 S 80— N\
=10~ = 120 -

-20

~160
| | | —200 | | I
0.2 0.5 1.0 20 40 0.2 0.5 1.0 2.0 4.0 10
w7 (rad/s)(Log scale) wr (rad/s)(Log scale)
Magnitude for quadratic po 64 > Phase for quadratic pole @




LEARNING EXAMPLE

Generate magnitude and phase plots

N L (TR
Draw asymptotes G, (jw)= . . Breaks/corners: 1,10,50
for each term 002jw+1)
Draw composites
dB 1 35 791 35 791 3 5 761 1
4OL R R . T N ' ! ||:|.|||L
20 - :
0 -
~-20 20dB / dec
- 9P
45°/dec
»‘ -90°
0.1 1 10 100 1000
4 > GEAUX »




Log magnitude (dB)

1 3 5791 3 53791 3 5791 3 5791
40 T L L] P T
|asymptotes |
— +90°
el
—+45° 3
1 00
]
, %
Composite phase 450 £
| 0
0.1 1.0 10 100 1000
w (rad/s)
(b)

<> e




LEARNING EXAMPLE | Generate magnitude and phase plots

- 25(ja +1)
Draw asymptotes for each G (jw) == . Sl (@S, L
Form composites “ 01jw+1)

dB 1 3,

41
|

o0

45° [ dec

i S
‘ -9

—-18C°

‘ _270
01 1 10 100

ar 2y




Final results ...

Log magnitude (dB)

60

40

20 —

And an extra hint on poles at the origin

91 3 T 91 i 5 791
|

3
| SN - - 1 | I-I.I|_

Composite magl:nitucle

_509B
dec

= ] H“- E-E'
n_l.llllllllllllllllllllllllllllll;"f_..lllll E’.
K L =

—0 =0= w=(Ko)z e @

=

Composite phase ' _gpe &

/—\_]E{}D

0.1

1.0 10 100

w (rad/s)

(b)

<] >
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LEARNING EXTENSION

G(jw) =

Put in standard form G(jw) =

Sketch the magnitude characteristic
10*(jow+2) breaks: 2,10, 100

(Jw+10)(jaw+100

But the function is NOT in standard form

We need to show about

(jow/10+1)(jw/100+1)] 4 decades
dB 1 35 791 305 791 35 7 ¢ 305 791
40 L z S ‘lﬁ'l‘ll‘lillJll'llllll'lll... . I |'|l- I Ll
20_'F;“‘ —— .“-Lh“ 77777 25|4g
O : : l.-...!.
—-20

GEAUX »




LEARNING EXTENSION Sketch

e magnitude characteristic

Itis in standard form
break at 50
Double pole at the origin

i 5 791

o

1 10

Once each term is drawn we form the composites

100

<

>
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LEARNING EXTENSION

Put in standard form

G(jw) =

dB |
40 ¢

Sketch the magnitude characteristic

i) =— 10j.a. not in standard form
(Jw+D(jw+10) zero at the origin
breaks:1,10
5 791

01

—270
1 100

Once each term is drawn we form the composites

GEAUX »
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LEARNING EXAMPLE | A function with complex conjugate poles

_ : : 2 : _ 25)a
[1+2¢(jar)+(jor)T] G(jw)= (Ja)+05)[(1w) +4Ja)+1OOJ 2G:1/25}=>C

Put in standard form _
G(jw) =

Draw composite asymptote

dB 1 i 5 791 3
40 + M -

204 it

r=01

° s e TN B

Behavior close to corner of conjugate pole/zero I
is too dependent on damping ratio. .
Computer evaluation is better . .

: : - : : — 270
001 01 1 - 10 100

0.2

Wr = 1 |t2 lis = —2010g,4(2¢)

4> gy



Evaluation of frequency response using MATLAB Using default options

: 25)a
G(jew) = 2ol% -
(Jw+ 05)|(jw) +4jw+100

» nume[ 25, 0] ; %efi ne nunerator pol ynom al
» den=conv([1,0.5],[1,4,100]) %use CONV for polynom al

den =
1. 0000 4.5000 102.0000 50. 0000

» fregs(num den)

mul tiplication

Magnitude

L I i i i | i I
107 10"
Frequency (radians)

100

Phase (degrees)

il i i R A 2 i ; . i A S T
2

-200 e
10 10" 10
Frequency (radians)
4 > GEAUX




Evaluation of frequency response using MATLAB User controlled

.\ _28ja .
cliw)= (jw+ 05)|(jw)? +4jw+100

>> clear all; close all %clear workspace and close any open figure
>> figure(1) %open one figure window (not STRICTLY necessary)
>> w=logspace(-1,3,200);%define x-axis, [10A{-1} - 10A3], 200pts total

>> G=25%j*w./((j*w+0.5).*((j*w).A2+4*j*w+100)); %compute transfer function

>> subplot(211) %divide figure in two. This is top part
>> semilogx(w,20*log10(abs(G))); %put magnitude here

a

-20

-40

-50

-80

-100

>> grid %put a grid and give proper title and labels
>> ylabel('|G(j\omega)|(dB)"), title('lBode Plot: Magnitude response’)

N ' N ' L P | ' N L N R Y e el | ' N L N N R el | N ' N L P R R
107 10" 10" 107 10°

GEAUX »



Evaluation of frequency response using MATLAB User controlled Continued
g P USE TO ZOOM IN A SPECIFIC REGION OF INTEREST
>> semilogx(w,unwrap(angle(G)*180/pi)) %unwrap avoids jumps from +180 to -180
>> grid, ylabel('Angle H(j\omega)(\circ)'), xlabel(*\omega (rad/s)’)
>> title('lBode Plot: Phase Response’)

Bode Plot: Magnitude response

|Glj)|(dB)

No xlabel here to avoid clutter °
Bode Flot: Phase Response
100 : Sl e wad e ; S G ; ;

of - Compaewithdefault

Angle (o))

-50

107" 10" \“;c‘);“>/ 102 16°
4 > GEAUX >




LEARNING EXTENSION | Sketch the magnitude characteristic

r=1/12

t, =[1+2¢(jor) + (jowr)] G(jw) 2¢T =1/36= ¢=1/6

wr =1 |t, |;g= —20l0g, (2¢)

dB 1 305 791 305 791 305 791 =9.5dB
4OL E I . S R N A B I
... 20 ‘
mo :

20 T A
: 10
— 40dB/ dec
~90

5 : 270
01 1 2 100

<4 e >




. 0.2(ja +1
G(jw)=—aled
j(jw /12D + jw[36+1]]

» num=0. 2*[ 1, 1] ;
» den=conv([1,0],[1/144,1/36,1]);

» fregs(num den)

Magnitude

Frequency (radians)

-200 i S S N : i i § 5§55 : | A Nl
10 10 10
i u > radians) GEAUX >




DETERMINING THE TRANSFER FUNCTION FROM THE BODE PLOT

This is the inverse problem of determining frequency characteristics.

We will use only the composite asymptotes plot of the magnitude to postulate

a transfer function. The slopes will provide information on the order

A. different from OdB.

1 i 5791 3
[ o | | T

E\\/“ﬁ\B

~20dB /decade

3791 3 5791 i 5791
| |1 | |1
|

[

[

|

0 —
—=20dB /decade

I
b
=

—40dB /decade

Magnitude (dB)

C L There is a constant Ko

KOldB

Kolig=20= K, =10 %
B. Simple pole at 0.1
(jow/01+2)7"
C. Simple zero at 0.5
(ja/0.5+1)
D. Simple pole at 3
(jw/3+])7™*

0.01 0.1 1.0 10.0 100.0 E. Simple pole at 20

[0 {I‘J»]d;"ﬁ] (Ja)/20+1)_1

&)= 10(j . /0.5+1)
(jw/01+D)(jw/3+1)(jw/20+2)

If the slope is -40dB we assume double real pole. Unless we are given more data

<] >
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LEARNING EXTENSION

Determine a transfer function from the composite
magnitude asymptotes plot

A. Pole at the origin.
Crosses 0dB line at 5
5

jw
B. Zero at 5

/C. Pole at 20
. Zero at 50\\

E. Pole at 1003

|
5(jac/5+1)(je/50+1)!
o | a)/20+1)(k100+ 1)

Sinusoidal

o o




RESONANT CIRCUITS - SERIES RESONANCE

I
/\: K Z(jo) = R + L+ R+(L—L)
VR% R /0 Jo joC A wC
) 1
Vi == L= Im{~Z =0
ol =—— = {Z}
L 1 woL | ,L
- = —> Z(j =R = =
L 5 ° " VIC (o) ™ " w,CR R R\ C
RESONANT FREQUENCY QUALITY FACTOR
VAR PHASOR DIAGRAM
A
‘VL \f3
‘VL b i |V1
Vi 1 Vr=V11 /Zl I
R \85: i = I‘_VR
° g v, Ve 1Ve
'VC Y
o < mg ® = W ® > g
4 > GEAUX »




RESONANT CIRCUITS

These are circuits with very special frequency characteristics...
And resonance is a very important physical phenomenon

\ B!

—
VRER

Series RLC circuit

: : 1
Z(Jw) =R+ jal +——
(Jw) J e

IS Ix
— g - \ 4
g G -~ C L
I I I Ic I

Parallel RLC circuit

: : 1
Y(Jw) =G+ JaC+——
(Jw) J iad

The reactance of each circuit is zero when

1 1
w=—= =
aC “ NV LC

The frequency at which the circuit becomes purely resistive is called
the resonance frequency

>
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Properties of resonant circuits

At resonance the impedance/admittance is minimal

Z(jw) =R+ jal + Y(jw):6+%+jwc
J

jaC

Y| A
2 _ 2 _ 1 2 Y1 2_ 2 1 2
7| A |Z|"=R"+(ak ——) Y [=G* +(aC ——)
aC | al
Z| | .
s
Glommm oo p
| -
0 L >
p i i
e
> .’
/ @ // m[:_f.-:_f_
2 ol L Current through the serial circuit/
7 ot voltage across the parallel circuit can
become very large (if resistance is small)

i anL 1
uality Factor: O =—-2-=
Quality Q= = cR

Given the similarities between series and parallel resonant circuits,
we will focus on serial circuits

4> gy




Properties of resonant circuits

/\

I At resonance the power factor is unity V;
O > _ V1
! + B IS Ix J CLL
= 9 = \ 4
V.| V&3 R
_ +
v, Vs G T
+ I IG I IC
jal L
5 _ CIRCUIT BELOW RESONANCE ABOVE RESONANCE
SERIES CAPACITIVE INDUCTIVE
PARALLEL INDUCTIVE CAPACITIVE

Phasor diagram for series circuit

Phasor diagram for parallel circuit

I,

w = Wy

GEAUX »



LEARNING EXAMPLE

Determine the resonant frequency, the voltage across each
element at resonance and the value of the quality factor

| 20
— VWA
o i:C()Ol_ZSOQ
] w,C
== 10 uF
: Ve =%| = —j50x5= 2500 - 90°
J Wy
Vg = 10 OOVC_D
525mH Q:a‘LL :5_0:25
R 2
Wy = 1 L =2000ad/sec
JEC ~ [(25x10°H )(10x10°°F) At resonance
Atresonance Z =2Q — Vs| _
V, FaplL—==Q|V
V. 1000° IV [F o R QlVs|
| =—== =5A
A 2 Ve FQIVs|

apl = (2%x10°)(25%107°) =500
V|, = jagll = j50x5=250090°(V)

4> gy




LEARNING EXAMPLE | Given L = 0.02H with a Q factor of 200, determine the capacitor

necessary to form a circuit resonant at 1000Hz

Wy = \/7 :27T><1000—ﬁ =C=127uF

What is the rating for the capacitor if the
circuit is tested with a 10V supply?

At resonance

V
Vi Fapl—1=Q1IVs|
Ve FQ[Vs | =|Vc | 2000V
L with Q =200 = 200= ol _ o_271x1000x0.02 _ o
R 20(
1 =19 = 628a
1.59

The reactive power on the capacitor
exceeds 12kVA

4> gy




LEARNING EXTENSION

Find the value of C that will place the circuit in resonance
at 1800rad/sec

1 1 1

10/0°V (i)

180(= =C=
JLC JOI(H)xC 0.1x1800

100 mH

Yy

Find the Q for the network and the magnitude of the voltage across the

capacitor
Gl

9T 9T 3

At resonance

\V
VL = %LES

Ve FQIVs |

180(x0.1 _

60

=QIVs| v, =600/

4> gy




Resonance for the series circuit

R ! Z(iw) =R+ jaL+— 3
O ———— “U@=Rriaqg 3
2
VR§R|Z|2:R2+(wL—i)2 g
- aC v
v == C Claim: The voltage gain =
o
E L GV=VR= ]C-U
L P, h 1+jQ(_wO
o W W
R R
G = - .
’ R+quL+.1 2(je)
J
At resonance:
1
L:QR, C=—
2 P~ T oR F;
_ @ .G =
2 @ -
_R w :
G, _E — R|:1+ Q(— _%):|
W w
M («) =[G, |, ¢(a) |5 OG,




The Q factor | _ al _ 1

\ A

+0O

R @wCR
For series circuit: HighQ = LowR F .

For parallel circuit: High Q = High R (low G) VRE R dissipates
High Q = Small BW 2 1. Stores as E

“‘ field
L Stores as M

L _ field

Capacitor and inductor exchange stored
energy. When one is at maximum the
other is at zero

W maximum energy stored

>
w Q=2r— =211
Q W, energy dissipated by cycle

0,<0

Q can also be interpreted from an W = RI 2 < %0 :}RI 2 Qo
energy point of view D eff “on o MXT 5
Wo :%u Z :%Cvrﬁx
W, Loy, _Q

W, 2mxR 27

<4 e >




ENERGY TRANSFER IN RESONANT CIRCUITS

o,

R
V', coswyg t volts C_

s

we(
| 1
o (t) = ELIZ(I) = EL
é
0

Vil —
wy (f) + 'wc(r) -~ ZR (cc:-a; ot + sin {m

—_—
* H‘I
Ve = { /=90°
C == vc(t) fmﬂc ]UJ{) ngC
_ Va
ve(t) =
{J_}{}RC
'I' ) ]' 1”;”
—Cvi(t) = =C
p Cvelt) =5€( ke
2 2
o VH!:L 2 . .
CoOSwof | = COS“ wof joules
\ ; Normalization
1 Capacitor’y ‘,‘ factor
:' Inductor “_ ," -1
i 1 l “d . L 1 i
1 2 3 4 5 6
wl
4| [P GEAUX »




LEARNING EXAMPLE

/\h!
o—s

Determine the resonant frequency, quality factor and
bandwidth when R=2 and when R=0.2

\ e % Tack TG
VRS R 2Q 2 Q
- Wy = _31 — =10"rad/sec
Vi L . 5uF J(2x107%)(5x10°7°)
R | Q R BW(rad/
E L 2mH 2 | 10 2 1Qo ({gooseC)
L - 0.2 | 100 0.2 | 100 100
v 0 :1000(20.004 BW =1000(/Q

Evaluated with EXCEL

GEAUX »



LEARNING EXTENSION | A series RLC circuit as the following properties:

R=4Q,a, =4000ad/secBW =100rad /sec

Determine the values of L,C.

1 _Gol 1 B = %o

“ e TR w,CR Q

1. Given resonant frequency and bandwidth determine Q.
2. Given R, resonant frequency and Q determine L, C.

0= Lo _400C _,
BW  10C
L =QR_40x4_ 4 5404
iy
C 1 1 1 = 156x10 °F

Lak wyRQ  4x1072x16x10°

4> gy




LEARNING EXAMPLE | Find R, L, C so that the circuit operates as a band-pass filter
with center frequency of 1000rad/s and bandwidth of 100rad/s

" M . R ___ R
+ v R+ja1_+.1 Z(jw)
Vs CH V, e
| |aFas Q=%E=$ BW [0
dependent
Strategy:

1. Determine Q

2. Use value of resonant frequency and Q to set up two equations in the three
unknowns

3. Assign a value to one of the unknowns

Q= @, _100C 10 For example C=1yF =10°F
BW 10C /L —1H
“° A LC Nt el C R =10CQ

Q:

a‘LL —10= —1OOCL j
R
| > GEAUX »
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PROPERTIES OF RESONANT CIRCUITS: VOLTAGE ACROSS CAPACITOR

vy, 000 g WX At resonance
+
Vo IFQIVR |
VSC—D CT Y But this is NOT the maximum value for the
_ voltage across the capacitor
1
Vo|_|  jaC _‘ 1 |
Vs| |R+jeL+ L | A-@fLC+jaCR
jaC
1 Gyl 1 2
CLO e Q =0 = u= i’ g= ﬁ
LC R wCR w Vs
g(u) = 1 _ g 20-U7)(-20) +2(u/QE/Q)

o]

1 1 Q°
S == 2 l=—ms Omax = = —M
w | 207 14{12_ 14) - L VoF
4Q0° (Q° 2Q 4Q° 10°
| (>

= 2(1-u?

GEAUX »



LEARNING EXAMPLE

Determine «, &, When R=50Q and R=1Q

,/\1;\2/- rv[**ﬂ 2 Natural frequency depends only on L, C.
50mH - Resonant frequency depends on Q.
VsCi) CF= V, e 1 Q:aOL: 1
SuF B JLC R «wCR
) u — Wmax = 1- 1
max % 2Q2

1

1 =2000ad/s

“~c JBGx1072)(5x10°°)

= ZU0LUIOEL Amax = 200l 1_%(32

< R

R Q Wmax
50 2 1871
1 100 2000

Evaluated with EXCEL and rounded to zero decimals

Using MATLAB one can display the frequency response

<] >
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Magnitude

Phase (deg)

Magnitude

Phase (deg)

10!

10
10—t
102
107 10 104
Freguency {(rad)
0 I{==5()
—s0 Low (1
oo Poor selectivity
—150
—200
107 10* 104
Frequency (rad)
(a)
]0{]
‘-“""'"--._
102
102 10 10%
Frequency (rad)
’ R=1
—50 H
High Q
100 Good selectivity
—150
—200
107 10° 104

Frequency (rad)

<

(b
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LEARNING EXAMPLE

The Tacoma Narrows Bridge Opened: July 1, 1940
Collapsed: Nov 7, 1940

Likely cause: wind
varying at frequency
similar to bridge
natural frequency

o =2nx0.2

GEAUX »




Tacoma Narrows Bridge Simulator Assume a low Q=2.39

L R
Re___,c 3166uF

'

20H +
9.50
v () Rp3v,(H) (N =1ft)
V,,mx =42 10

At failure a 42mph wind caused 4' deflection.
For the model at resonance

Vo . Ry _ 4
vV, Rs+R; 42
) (V)
aov 3.77
3.765

2.0W

1.066

0,440
0w

\
AN

\

(hids 11

0.44’

y U \

—4.0V P i(s)

= 5s 1) s 15 = 200 s 25 5 3 s A5 = A0 5
4 > GEAUX >




PARALLEL RLC RESONANT CIRCUITS

Impedance of series RLC Admittance of parallel RLC

Z(Jw) =R+ jal +

. _ 1 _
jaC Notice equivalences Y(jw)=G +jﬂ + JaC

1 RoGLoCCaolL 1
7R=R2+(cd — =) 2_ 2 _ L2
|1 Z ] ( aC) Z oYV ol Y ["=G" +(aC a.L)
I§ . I:x . Series RLC
| =YVq _ 1 _aol _ 1
Wh=—7—= Q= =
VSCfD EG /= C L LC R @CR
11 11c I Parallel RLC
At resonance W = 1 Q:%C: 1
. JLC G wlG
G @C=—=Y=G .
IG_GVS_?IS wlk Series RLC BWZEO
. jac, 'e=ls
lc=jalVs="=ls | =, Parallel RLC BW:%
C _
1 i e E“2151=Qlls]
l =—-Vs= S G
I, F———|I
1F s
< [P

GEAUX »



VARIATION OF IMPEDANCE AND PHASOR DIAGRAM - PARALLEL CIRCUIT

-

1Y ]

Al |,

|
Ic Vi Ic Vi ‘/z'
= s = i = =
w IG Vl
e =y

vio

m<m0 W = 0 m>(.o0

<4 e >




LEARNING EXAMPLE | If the source operates at the resonant frequency of the

I I network, compute all the branch currents
| s = 001x1200]10° =1.2010°(A) = | ¢
Veo( T G == C L
S<—> = 1 = 1 =11785rad/s
I 11, I JLC  /0.120x (6x107™%)
V. =12000°. G = 001S lc = (1D90°)><(11785)><(600><1O_6)><12CDO° = 8491190°(A)
S — , =V
C =600uF, L =120mH I, = 8490 -90°(A)
At resonance | =
=
G aoC -1 =Y =G
6 =GVs =1 ls ol
. |~ =1
|C—JCUCVS—T s [lc=-I,
1 jal ||C|:—wo |[1s]=Qlls]|
:-—VS =g G
jal Y 1
|, F——]I
i

<4 e >



LEARNING EXAMPLE | Derive expressions for the resonant frequency, half power
frequencies, bandwidth and quality factor for the transfer

characteristic - N

_G G)Y 1
Im G T=C L ou =T 1~
® g (L Vou “4h=Toc \/(ZC) LC
Voutzli:H :VOUt:i YT:G+JaC+jCJ_
e . Y _ __\P_ \F
BW G
[B= 1 T = 1 Replace and show
G+JaC+JaL \/GZJ{@C CD o=GC_ 1
G wlG
1 2
Resonant frequency : = 1 1
q Y. ph= \/ﬁl e | G o= ———+. | = | +1
2Q 2Q
Half power frequencies =|H (ja,) *= 05| H |

e 1
_j =2G? > wC-—=1G

2
w C -
J{ L ANE

GEAUX »
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LEARNING EXAMPLE Increasing selectivity by cascading low Q circuits

Transistor model Parallel resonant circuit
O——O 2 3 £
+ + - +
= q R L C
A% v, * \Y (D o5 | 2500 % 1 pH } 254 pF == Vv,
C_) C_) O = & & b ® O

Single stage tuned amplifier

1 1
G = —__ . . =6.275x1(Prad / s=99.9MHz

JLC  [10°H )254x107%F

A

Q - & - 1\/§ - R 9

BW GVL VL

—12 0.8V
= 250><\/ 25‘1‘;‘_160 =0.398

Output voltage (V)
=]
e
<

Two stage

Three stage

IR Four stage
90 M 100 M 110 M'
Frequency (Hz)
4 > GEAUX »




LEARNING EXTENSION | Determine the resonant frequency, Q factor and bandwidth

R=2kQ,L =20mH,C =15CuF

Vi (D G C I

Parallel RLC
= = = = BW =—
“ VJLC Q G LG Q
. =577rad/s

a =
° ./ (0x10®)150x10°)

—6
o= 577X150x10° _, o
(1/2000

577

~
-
-

BW = 333rad/s

<4 e >




LEARNING EXTENSION

Determine L, C,

R=6kQ,BW =100Crad/s, Q =12C

Parallel RLC

_aC

1 llgw =%

_ 1] o
“=c G

w,LG Q

@y =QxBW =120x1000=1.2x10rad /s

oo Q 12C

R 600(

" Ra, 6000x12x10°

=0.167uF

L= =
Quy 120x12x10°

=417uH

\ Can be used to verify computations

<
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PRACTICAL RESONANT CIRcUIT | The resistance of the inductor coils cannot be

. neglected
v VvV =ZI :\I{—.At resonance the voltage and impedance are maxima
£ R® +(wgL)’ wel ) wp ) (@l Y
T R R Wy R
SR D2
P ZMAX - RQO
N 1 R-jalL _
Y(ja)=]aC+ R+icl  Reial How do you define a quality factor for
Ja Ja this circuit?
: R-jalL
Y(j@)=jaC+ 5 1,
R”+(al)
R : al
Y(Jw) =5 > 1| C 3 2
R+ (al) R+ (al)
2
Y real= C - ZC‘L 5= R:\/i_(ﬁj
R+ (al) LC (L
1 Gl _ 1
C‘)O:—/E,Qo:%: Wr = Uy 1_—3

<4 e >




LEARNING EXAMPLE

& P i
ESOmH
50°A<T> 5uH == Vv,
SR
::__;%___ ::f%ilk: = ]_—-____
“ LC’QO R~ R-G 5
1
=200Cad/s

i | BOx10°H )(5x10°°F)

2000x0.050 1
© (- 220 il
; R W or

R Q0 Wr(rad/s) f(Hz)
50 2 1732 | 275.7
5 20 1997 317.8

Determine both «,, g for R=50Q, 5Q

IV I(KV)
1.2 —
1
0.8 —
0.6—
0.4 | | | | | . [ (Hz)
2200 240 260 280 300 320 340 360 380 400
(a) R = 500
IV_I(kV)
12
10 —
8
6_
4
>
0 | I | | I | I | | f(Hz)
220 240 260 280 300 320 340 360 380 400
(b)R =50

> e >




RESONANCE IN A MORE GENERAL VIEW

Z(jw) =R+ jal + Y(jw):G+%+ij
J

jaC
1ZP=RE+(al - )2 Y P=G2+(aC - 1 )?
aC al

For series connection the impedance reaches maximum at resonance. For parallel
connection the impedance reaches maximum

_ jaC B jal
Ys - 2 . Zp = 2 .
(Jw)LC + JoaCR+1 (Jw)LC + jalG +1
In Bode plots the quadratic term was written as
(jor) +2¢ jor +1
1

r=+LC =—
Wy

series parallel

1
2Tt =CR= 2¢=w,CR=— 2¢r=|_(3:>2¢=w0|_(3:1
Q Resonance

A high Q circuit is highly Q :i @
under damped 2¢
4 > GEAUX »




SCALING

Scaling techniques are used to change an idealized network into a more
realistic one or to adjust the values of the components

Magnitude or impedance scaling

R - KyR
L'- K, L

C'o——
KM

LC=L'C'= ay=—r 1

JLC JL'C
_Gol _ agl’

< R R’

Frequency or time scaling
o' - Ko

Impedance of each component is unchanged

wl'=al

Magnitude scaling does not change the
frequency characteristics nor the quality

of the network.

1 1

7 e

R'- R

Constant Q
networks

£

BW'

= Kg (BW)

QO

GEAUX »



LEARNING EXAMPLE Determine the value of the elements and the characterisitcs

of the network if the circuit is magnitude scaled by 100 and
frequency scaled by 1,000,000

] w, =~/2rad/s, Q:%, BW =2
. =1H
\Y ::1:: R - RI>_ —
oF 3= L' = L"=100mH
2 K. !
* : C'=— uF
c .= 20c”
Magnitude or impedance scaling Ke
R~ KuR wy=Krawy ay=1414x10°rad/s
L' — KM L |
c. © BW'=“b =K_ (BW)
K Q
R'=20CQ
L'=100H
oo L Q,&, areunchanged
- 20C

4> gy




An RLC network withR =10Q, L =1H, C =2F is magnitude
LEARNING EXTENSION

scaled by 100 and frequency scaled by 10,000. Determine
the resulting circuit elements

Scaling

Magnitude or impedance scaling Frequency scaling
R - KyR R- R
R'=100(Q "=1kQ
L' i KM L 1 L
. L'=100H L=~ L"=00MH
' " F
C'- <, C'=0.02F e
@ =
Ke
]| | >

&



FILTER NETWORKS

Networks designed to have frequency selective behavior

COMMON FILTERS

G,(jv) a
G, (jo) 4
~— Ideal characteristic ] ——
I -— /f
~ L y 4
1 N Tvoical ch L 2 | Typical
2 —1\<a—l}p1ca characteristic characteristic Ideal characteristic
‘}/
\ —_—
[;. S 0 , |
Ll..'lr.I LN
: High-pass filter
Low-pass filter =L
‘ G (jw) &
G (jo) A
We focus first on
PASSIVE filters =T
1 — 1~ N L
1 - : -".IZ \ I f
= b >
V2 | Do Wy @y w
W) o Wy, W Band-reject filter

L0y =0 HI

Band-pass filter

L]

>

GERAUX »




Simple low-pass filter

P
\l
/l
o
Q

1
1+ (wr)

0G, = Y(w) = —tan™ wr
1 1

M |\/|(a):;j:ﬁ

W= %:half power frequency

M (@) =G, |

2

~ High-frequency asymptote, —20dB /decade
0 R __ Low-frequency asymptote
s E;
3 =t
2 2W0WF------—------ | &
Eﬂ Arctangent curve | o
= i I () _I-=|::
[ | B
' —45
| |
' =90
[ ] |
T
|+ One decade+|
(c)
1
BW =—
r
< > GEAUX »




Simple high-pass filter

Low-frequency asymptote

A |(
= \ ! VG
C " %
I =
(t V1 Ré Vo =) ' S
= I =
- % | E
o | 220 - , :
- =1 I I ]
G, VO: R JCT'CR S '.L‘*.rt:tangentcui've —+9:
\A R+_1 1+ jaCR | '
jaC : 445
: I | | |
szli‘_‘” . 7=RC | 0= 0
awr
| |<— One dccadc—>| % (log scale)
MiEey, B ©
1+ (ar)
_ _T ~1 1
DGV—(p(a))—E—tan ar wLO:;
1 1
M_..=1 M w==|=—"+
=L M@= 1=
W= E:half power frequency
4
4 GEAUX »




Simple band-pass filter

m G, (jw) &
CAAAS |\ N
L ' L — —
vy R v, T // T \
| | ! b‘
- “o W, i )
Band-pass (e)
_—(R/IL) ++/(R/LY +4cf
_Vo _ R a)LO — \/(2 ) 0
v - . 1
Vi R+ J(al— - j _(RIL)+(R/LY +4a2
aC Gy = 5
M () = aRC

_\/(CLRC)2+(CU2LC —1)2 BW =Wy — W 25

= 1 = = = = 00 ) =
M(w—ﬁj-lM(a 0)=M (& =0)=0
_ 1
“=Tc

M (o) :%: M (@ )

GEAUX



Simple band-reject filter

G (jo) A

S
_J," I ’f

1
Y2 \'f

W, .o W

Oy i T HI

(b)

@
\|
/|

= L—i =0
Wy = TC | @y C

at « =0 the capacitor acts as open circuit =V, =V,

at a = the inductor acts as open circuit =V, =V,

G o, Gy aredetermined asin the
band - pass filter

GEAUX »



LEARNING EXAMPLE

Depending on where the output is taken, this circuit
can produce low-pass, high-pass or band-pass or band-

reject filters

A
1.0V ¥s
L3V,
. Ve Vi
Band-reject filter
. % 05V
=
Vg =1 OOVC_D C=Vc¢
B oV
J} .
and-pass 10 10 100 1.0k 1.0M
i %_ E Frequency (Hz)
¢ Bode plot for R=10Q, L =15¢uH, C =15¢uF
Vi jal V V
i “L(w=0)=0-“(w=w)=1 [High-pass
s R j(aj_ = s Vs P
aC
L
V | aC V V
C — J i _C(w:O)::L _C(a):oo):() Low-pass
Vs R+ j(aj_ . Vs S
aC
GEAUX »




LEARNING EXAMPLE | A simple notch filter to eliminate 60Hz interference

L
O ey ®
- ‘ ‘ s
I Rey3 V,, (t) =sin(272x 60t ) + 0.2sin(271x100Q )
Vin C eq Vo oy L =70.3mH, C =10CuF
_ - vin(t)
O ° 08V
jal £ L
. e /C 0.4V
ZR - - 1 A
il s = gl - =) 0y
aC
—04av| Yo()
Re
Vo = ﬁvin 08V
o} R
12V -
. (a) 1 j oy (w 1 j 0 20 ms 25 ms 30 ms 35 ms 40 ms
i — — 00 e — p—
R JLC 0 LC

4> gy




LEARNING EXTENSION

10 kQ)

Sketch the magnitude characteristic of the Bode plot for G, (j«)

o, VWA
_+_

+ G,(Jw) =

TRe T (1F ,-@7
vs() 20 uF 7 vo(0) ek

~ Break/corner frequency : 5rad/s

O

low frequency asymptote of 0dB/dec

7 =RC = (10x10°Q)(20x10°F)=02rad/s  High frequency asymptote of - 20dB/dec

Gl (dB) 4

0 |
|
| —20 dB /decade

|
5

-
w (rad/s)

<4 e >




LEARNING EXTENSION | Sketch the magnitude characteristic of the Bode plot for G, (j«.)

|(

O )

+ 20':LF + 20dB/dec. Crosses 0dB at w= el 2rad/s
vs(7) 25k 3 V(1) 6.(ja)= R o~I&RC

. - : R ATRE

0 ° JaC

r=RC= (25x10°Q)(20x10™F) = O5rad /s Break/corner frequency : 2rad/s

low frequency asymptote of 0dB/dec
High frequency asymptote of -20dB/dec

Gl (dB) &

>
w (rad/s)

<4 e >




LEARNING EXTENSION

Sketch the magnitude characteristic of the Bode plot for G, (j«)

,  Band-pass 20dB/dec. Crosses 0dB at w= L i s
O Y, It ¢ RC
) o ) R Cjere)

1 _ Ja
== 1 k() GV(]CU) W, . D

vs(1) @y JLC 1000 g Vo(1) R+ 1 +ial 1+ jaRC+ (jw)?’LC
_ _ jaC —
O ’

o i R AORE T

Break/corner frequency : 1000 rad/s
low frequency asymptote of 0dB/dec

- 10
2¢r=RC=10°x10°=¢= o= 0.5 High frequency asymptote of - 40dB/dec
_ 2 Gl (dB) A
lo = (R/L)+\/(2R/L) +4a =61ltrad/s ()
2
Hi =(R/L)+J(Z/L) +Acs =161¢rad /s 0




ACTIVE FILTERS

Passive filters have several limitations

1. Cannot generate gains greater than one
2. Loading effect makes them difficult to interconnect

3. Use of inductance makes them difficult to handle

Using operational amplifiers one can design all basic filters, and more,
with only resistors and capacitors

The linear models developed for operational amplifiers circuits are valid, in a
more general framework, if one replaces the resistors by impedances

These currents are
Zero

| Ideal Op-Amp §

4> gy




Basic Inverting Amplifier

ol
e

Infinite gain =V_ =V,

Infinite input impedance = | _ =1,
i+v_o =
Zl ZZ
Z
V, = —fVl
G=-%2

1

O_
+
Z

vV, |z 52V
1 1 Zl 1

6 J

Linear circuit equivalent

>

GEAUX »



EXAMPLE  USING INVERTING AMPLIFIER ; 7
Yl Z'l %\rl ‘{?
o T 5
Z,= R,

_I_

\% .

¢ 7 — R,/joC _ R,

> R, + 1/joC  joR,C + 1
Voljw)  —R,/R,

G,(jw) =

Vi(jo) JjwR,C + 1
LOW PASS FILTER

4> gy




Basic Non-inverting amplifier

Oo——>0
e - +
Yo Vi (1 + E) \ 21 Yo
Z,
= = -

4> gy




EXAMPLE USING NON INVERTING CONFIGURATION o—>0 o

o,
Vi ( E) r Vo
' + 't 1 1’H<_>
5 + 5
\2 v =
o 1
Z, =-
_ _ JwC,
(@, -l- R
L2 = SORC, + 1
. () ;
6oy = YoU0) _ | RIGORC, + 1) e
A JW) = — A
“’l(j{l_}) IX‘}U_}CI A
jo(RC, + RC,) + 1
- jwRC, + 1 % :
- Jot, T 1 é i
- joT, + 1 g : |
7, = R(C, + C,) and 7, = RC, S -
w = T (1)—?

<> GEATY >




EXAMPLE

SECON ORDER FILTER

.(8)

Vin(s) \ -1

A
R3

—_—

L

= R‘)( 1
R:R,C, (:2

V, -V vV, V, V-V
2 N 4 2 42 4 2 °=(
R 1/Cs R R
_V2 —_— VO —
R 1/Cs
Vo(s) _ 1
- VRyR,C,C,

\clh R;ch C,

GEAUX »




Due to the internal op-amp circuitry, it has
limitations, e.g., for high frequency and/or
low voltage situations. The Operational
Transductance Amplifier (OTA) performs
well in those situations

l
o
O— —

D 2

Vin 8m ‘]. R.
e O n Vin 8mYin

Operational Transductance Amplifier (OTA

—

o— =
Ideal OTA: R, =Ry =

COMPARISON BETWEEN OP-AMPS AND OTAs - PHYSICAL CONSTRUCTION

+ O— R ) +o—o R
v Input Gain Qutput J o(s+ma ) 5 Input Gain J o (large)
m ‘ stage stage stage n ‘ stage stage i
_— /UO i o
Ri,  Some Large Gain = 1 - R;, Gain =1 Transconductance
(large) gain gain (large) gain

Comparison of Op-Amp and OTA - Parameters

Amplifier Type Ideal Rin Ideal Ro Ideal Gain Input Current input Voltage
Op-Amp 00 0 00 0 0
OTA 00 00 gm 0 nonzero

4> gy




Vg (i)

Ro+ R

Basic Op-Amp Circuit

R,

Avvin
Ri,

V., =—— 1 S
: RS + I:Qin

_ Vo _ RL Rin
A_VZ _{RO+RJAV{RS+R”J

Ideal Op-Amp
A= A\/ = 00

UQ""'

Vg <i> Riné Vin
E8mVin

Basic OTA Circuit
lh = Ro
0
Ryt R,
Vin :L S
RS + I:Qin

et L
" Vin RO+RL "

Ideal OTA
Gm = 0Om

ngm

Rin

RS-I_Rin

|

il

GEAUX »




Basic OTA Circuits

lo = Om\a

Vo = = Jio()ax V(0
0

Integrator
g t
Vo(t) = ?mjvl(x)dx +V, (0)
0

In the frequency domain

— Im
V, = V.
Ojcl

i

L i
0A £ 8m ——
L

o =—0,,Vi, (notice polarity)
I, +ig=0
Simulated Resistor
Vﬂ = Req = i

IIrl m

GEAUX »



OTA APPLICATION

U1 O—.

Equivalent representation

<

>

GEAUX »



Programmability of g,

\i 1PY:Te

S
Im1 = {ZOZ}I ABC

Typical values
O, <10mS

g, range: 3 - 7 decades

Controlling transconductance

GEAUX >



LEARNING EXAMPLE Produce a 25kQ resistor

o lin
+ l
- O, <4mS
Vin ‘ — lio 4mS _7
|~ O = =4x10°S
= 0A|, 8mfI— ™" 100
i -[-::' ol Om =201 pgc

Simulated Resistor

|n _Req

Iln gm

25x108 =+ = O, =4%x10°S>4x10"'S
Om

4x10°S= zo{ﬂl agc (A)

| nge =2x10°A=2uA

<4 e >




lc
LEARNING EXAMPLE | Floating simulated resistor O - l
_|_

f—— Vin ‘ P AL,
- 0A ;ﬁﬁ]_
I I

lo =~ OmVin
One grounded terminal

= OmaV1
igo =1y Produce a 10MQ resistor

For proper operation O < 4MS
4mS

ok o2 =4x107'S
Om1 = 9m2 g 104

Om = 201 ppc

Om = 1
™ 10x1¢°

The resistor cannot be produced
with this OTA!

4> gy

=10'S <4x107S




LEARNING EXAMPLE | Select g1, Omo, Oms, to produce

Case b

O, <4mS
AmS _7
> =4x10°'S

o'

Om = 201 ppc

Reverse polarity of v2!

V10— ot a) Vo =10v; +2v,
_Smi— b) v, =10v; - 2V,
o
_l_
Vy O~ T—— i 18m3 Sv
Em2| g2 g ¢
_L—f"”" -
-1 V1 0—.
Vo = —(9m Vo t O, V2) 1
m3
__r m——
Case a =
h = 10; % =2
gm3 gm3 Iv2 o
Two equations in three unknowns.
Select one transductance
Oz = 0.AMS = | p5csa :Zicxlo“‘(A) =5LA
Ono = 02MSE = | 5, =10LA
Om1 =IME = | pgcy = SO0LA
] [

GEAUX »



ANALOG MULTIPLIER

Based on ‘modulating the control current

(LS

V2
@)

ASSUMES VG IS ZERO

'fn = N Em = 1’1(20}:43{?) — 201}1[ |

+ Ry
v, = i,R; = 20 r vV

G

GEAUX »



AUTOMATIC GAIN CONTROL

O Ve
ngL
LaBcry
Vin O— i
1mn i gml 5 'O - Peak

J__;//J + "1 detector
- RL%’UO

U = iRy = Vu&mRL = 200,R, g,0(Vee — |v,

) — Avi[l o Bvi[l

'U'm%RL T RL(QOI.:#BH b
A'Ui n

v, =
1 + By,

‘L‘Iﬂ
For simplicity of analysis
we drop the absolute value

v, small= v = Ay

. A
v, big=>vVv=—
B

GEAUX »



OTA-C CIRCUITS

Circuits created using capacitors, simulated resistors, adders and integrators

resistor

Vi O_? in1

ml—>

 8m
e

integrator

Frequency domain analysis assuming
ideal OTAs

1
Vo_chlc lc =lg+1g;
l01 = 9maVin 02 = ~OmaVo
Vo = E[gml i1~ Om2 0]

gry
—_ gm2
V, = Vi,
1+ jwC
Jw/ng

- — 0OA .
J-:‘_ éC L\\1 o2

Vo

Magnitude Bode plot

A
"q'du GV :ﬁ
i1
|
= |
= |
I
|
1 >
— 9m2
Adc = Sy “e C
gm2
27T o = 9m2
C

GEAUX »



LEARNING EXAMPLE V

Desired: G, =-°
i1

Vi1 O_T%\*"j iol

J__,ET”IJ " iCI OAI

Adc

4

C/<
1L L

W = 277(165) = fc =100kHz

Two equations in three unknowns.
Select the capacitor value

C =25pF

2>
m

ImS

—-=10°S OK

10°

Om = 201 ppc

IFind the transductances and biases

— gml
Adc -
gm2

a)C — gm2

C

0o = 27T(L0°)(25%x107%) =15.7x10°°S

2 fe

— Ym2
C

15.7

- =0.7850A

|A302:2—O

GEAUX >



TOW-THOMAS OTA-C BIQUAD FILTER

biquad ~ biquadratic

Vo _ A(jw)’

+B(Jw)+C

v (jw)2+‘g°<jw)+w§]

—— o1 Vp1 . : i
gml — | lo) 8L _
Vj O—— Y2 \'8m2]-r * i Vo
O—_ Vo= T (4
Ci == oz—jwc(oz 03)
C2 T~ ~ A 1,3 2
Vi1 Vo,
V g i1 e gm3k_
e 02 = Oma (Vo1 ~Vi2) —los gm3(V|3 Vo2)
i Four equations and four unknowns (Vy;, Vs, 1 o1s 192)
jaC, | gmgyﬁviz{gm}vm Vil{jwcl}lz {mclgms}g
V01: = gm2 gm2 gm2 V.. = gml gmlng
CC, 2+ OmsCr 0z CC, g
(Jw) (Jw)+1 (jow)™ OmsCy (jow)+1
| Im19m2 Om29m1 Jr19m> gm2 -
gmlng 64)0 gm3 gmlng C2
i B s
CC, Q G, gms VCi _
Filter T A 5 = gml_gmz}:>< Q:g_m
iter e
Low-p;/sl?s 0 0 nonzero Cl = C2 gm3
Band- 0 z 0
H?;h-g::ssss nonzero nonOero 0 BW :%
4 > ) GEAUX




LEARNING EXAMPLE | Design a band - pass filter with center frequency of|500kHz,

bandwidth of| 75kHz,|and center frequency gain|-5.
Use the Tow - Thomas configuration and 50 - pF capacitors C,=C,

< ams
i 01 Vo1l E | 4mS _
=] gz g Om 2 =4x10°’S
O_Ex-_ﬂ,-g,-f__wﬁ,e-.-_-;.- _
. Om = 201 pgc
C2 p——y ] A i03
= _gﬂg
L vzot J—

BW -
Wy :\/gmlng Wo — Om3 Q :\/gmlng\/C —@ |:jaclgm3i|\/i3

. {CC (i@ | I e +1
BW = SO—E‘” = 2% 75%10° = 235645 Om19m2 | Im29m
9 _
C.C :
_ W=y =1+ 272 |(jw)* =
|GV(JC‘)O)|:h =9= Om2 :117'8IUS “0 _gmlgm2:|
m3
_ I =1047uA
(@) = prxsxagf = I HT8A0T | )
W) = T (5x103)2 = Om = 209545 | Agc2 = S89UA
| smes = 118LA

4> gy




Bode plots for resulting amplifier

Gain (dB)

2() (0

0 —60
=2() —~120)
—4() —~18()
—6() =240
—8&0 e e 3

1.E + 04

1.LE + 05 LE+06  1.E+07
Frequency (Hz)

Phase (deg)

GEAUX »



LEARNING BY APPLICATION

AC/DC

120V rms converter

Using a low-pass filter to reduce 60Hz ripple

Req = 500 O 500 )
VW
RTh +
K VTh (i) C =T Vop
V, _
<

Using a capacitor to create a low-

pass filter
1
= V.
_ Vg | R €
IVor |7
1+ (@R C)°

Design criterion: place the corner frequency
at least a decade lower

|Vor F0.1|Vqy |

500C = 1

— C =5305uF

Thevenin equivalent for AC/DC 271X6

converter

4> gy




06V

94V

92V

9.0V

8.8V

8.6V

8.4V

Filtered output

> [

0s

10ms 20ms 30ms 40ms 50ms 60ms 70 ms

<

>




LEARNING EXAMPLE | Single stage tuned transistor amplifier
Select the capacitor for maximum

' - gain at 91.1MHz

7 Lever i r L |
\ +1 1000 | . CF'V,
A©) (,: \CROXS 525‘@% . T Vol
Antenna [Transistor | [Parallel resonant circuit
Voltage
A - V
Vo __ Magnitude Bode plot for %
v, 1000[ ”}/aﬁ} 100V A
_ 1 jalC o 8OV
10001+ L 4iac " jwlC £ Ly
R jalL %
Vo __ 4 ja)/C 3 4oV
Vi 10002, i@, 1 "oy
RC LC k
Band - pass with center frequency 1/+/LC - —_— .
1 30 MHz 100 MHz 300 MHz
277(91.l><106): — C =3.05pF Frequency
10°°C
Vo _

1 4
w = R =100
( VLC j 1000
4 > GEAUX »

Va




LEARNING BY DESIGN | Anti-aliasing filter

Nyquist Criterion
When digitizing an analog signal, such as music, any frequency components
greater than half the sampling rate will be distorted

In fact they may appear as spurious components. The phenomenon is known as

aliasing.

SOLUTION: Filter the signal before digitizing, and remove all components higher
than half the sampling rate. Such a filter is an anti-aliasing filter

For CD recording the industry standard is to sample at 44.1kHz.
An anti-aliasing filter will be a low-pass with cutoff frequency of 22.05kHz

Single-pole low-pass filter

10

R
W 0
T us)
Vo _ 1 = 10
i@ (X)) CFval® V, 1+jeRC I
B E —30
1 E
= =2mx22,050 2 0
e RC
—50
C=InF = R=72.18kQ
<« [

A

Resulting magnitude Bode plot

Attenuation
in audio range

\ >

10 100 1.0k 10k 100 k 1.OM

Frequency (Hz)
GEAUX »




Improved anti-aliasing filter | Two-stage buffered filter

R
VA % 5 R
+ \_F\~ wy, . n-stage
Vin(?) <+> C== { Voo _ 1
in — Vo1 C == Vo2(?) ~ : n
~ Vi, (1+jaRC)
® B A
10
Vo1 _ 1 \/% _ 1 Four-stage
V. 1+jaRC V., 1+jaRC z Y
in 01 =
:g —10
=
A 2 —20
10 o
Two-stage E 3
% ’ b S —40
$ 10 -
§ 50 One-stage -0
3 10 100 1.0k 10 k 100k 1.0M
~§ -3 Frequency (Hz)
—40
-50)

10 100 1.0k 10k 100k 1.0M

4> gy
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LEARNING BY DESIGN

Notch filter to eliminate 60Hz hum

http://www.wiley.com/college/irwin/04701 286%0/animations/swf/l 2-38.swf
Riape =50Q  Rymp = 1kQ

s

®® ) I}I:Et:rh Speaker
~ __ a1 C Power
Riape K
50 e s
L g
m
Viape 1a kg 3 Vamp
Vamp _ Ramp
Vtape Ramp i I:etape + (SL |[1/ SC)
Vamp _ Ramp s°LC +1
Vtape I:\)amp + I:etape 2LC + L +1
i Ramp - I:\)tape |

notch frequency = 1
~JLC

H ) . .
) Notch filter characteristic
1
0 >
£y f
Vamp (b)
v Magnitude Bode plot
N/
0.6V
C=1CuF
0.4V
L =0.704mH
02V
0V >
S0Hz 10Hz  30Hz 100Hz 300Hz 1.0 KHz
Frequency

To design, pick one, e.g., C and determine the other

<

>

GEAUX »




DESIGN EXAMPLE ANTI ALIASING FILTER FOR MIXED MODE CIRCUITS

—04(7) ()
Signals of different
frequency and the same
samples
U
vp(t)—

Visualization of aliasing
Ideally one wants to eliminate frequency components

R higher than twice the sampling frequency and make
O VWA .
rd + sure that all useful frequencies as properly sampled
V. c=v, ADC Design specification
~ half-power frequency at 100 Hz,
@ ¢ Simplifying assumption
1 Infinite input resistance (no load on RC circuit)
Vo,  JjoC 1 .
V. 1 14+ ioRC — — 100 Hz — Design equation
"R / TP = SaRC
joC

somewhat arbitrarily choose C at 100 nF| [0 R =15.9kQ

4> gy




DESIGN EXAMPLE

“BASS-BOOST” AMPLIFIER

~ (non-inverting op-amp)
:/_[\ +

ations/swf/12-40.swf

ESIRED BODE PLOT
-
N
©
VWA >
£
C c 0dBl——oo_
vln(t) ® & )I =) /Uo(t) (‘:DU
100 nF
on
R 3 o—
off
- o \
7 Z — =
OPEN SWITCH Yo _ |+ 22 Vv, [
‘riu 1
| R, \Y R, + R
Z, = R 2 EXijC I+ joR,C v (jO R, 2 (6dB)
Hl — Hz and KP — Rl/z
= 2m(500) = R, = — = 3.18 k()
e  RC ™(300) = Re = 500mc
0 . 1 + .;{L}REC . Rl + RE + f{L}RIKEL. Switch closed??
voo == s
Vin R, Rl(l + ijEC) <4 > GEAUX




DES'GN EXAMPLE TREBLE BOOST http://www.wiley.com/college/irwin/0470128690/animations/swf/12-40.swf

Original player response Desired boost

@ 1 o [ ]
5| i S ~
=) | I
ER |\ —20 dBy/dec. g |
2| i 5 | | /]
3 : : E o : 20 d:deec.
50 Hz 8 kHz r ¢ | / , L,
50 Hz @ 20 kHz
0
+ t V, o R, o 1+ ﬁ'ic(Rl T RE)
+ e 1 + _ — .
o Vin R, + L Q JwCRY
Rg ij
Vin(7) éRl Voll) fP = 2 X 104 = = Rl = 7.96 k()
] 2mCR,
lc L 2%
Tior WV, Z, Design equations
& - O 7 = 8 4 ]_03 = = Rl + R2 == 19.9 kQ

27wC(R, + R,)
Proposed boost circuit

Non-inverting amplifier Filters

< o




